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Abstract

We apply methodological innovations from cognitive economics that were designed
to study human cognition to instead better understand machine learning. We first
show that the folk theory of machine learning — that an algorithms learns optimally
to minimize the loss function used in training — rests on a shaky foundation. We then
identify a path forward by translating ideas from the costly learning branch of cognitive
economics. We find that changes in the loss function impact learning just as they might
if the algorithm was a rational human being who found learning costly according to a
revealed pseudo-cost function that may or may not correspond to actual resource costs.
Our approach can be leveraged to determine more effective loss functions given a third

party’s objective, be it a firm or a policy maker.
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1 Introduction

Artificial intelligence (AI), particularly machine learning, has become increasingly central to
many of the most important decisions we make.! In this paper we focus on a key link in the
human-Al decision-making pipeline, that of model training. This is the stage at which data
scientists generalize from ground truth instances to produce a trained model that is ready
to classify new cases. In this paper, we ask: what do these predictions tell us about how the

machine learning algorithm learns?

Our contribution is to apply methodological innovations from cognitive economics that
were designed to study human cognition to instead better understand machine learning.
Motivated by a long literature on perception in cognitive science, cognitive economics blends
economic, psychology, and neuroscience methods to better understand the limits of human
perception. For instance, cognitive imprecision and efficient coding, long central in psy-
chology, have been shown to underlie many of the heuristics and biases that have featured
prominently in behavioral economics (e.g. Woodford 2014, Enke and Graeber 2019). Sims
(2003) introduced entropy-based limits to cognition in the context of sluggish and delayed re-
sponses to macroeconomic policy, and this launched a large subsequent literature on rational

inattention that highlights the costs of cognition.

Our approach is to model machine learners exactly how human learners are often modeled
in economics, psychology, and neuroscience: as individual decision makers who engage in
signal gathering, belief formation, and choice. Initially, we follow a standard approach in
cognitive economics by assuming that a machine learner engages in a two-stage decision
process: first, it optimally chooses a signal structure from a feasible set of possibilities, and
second, it chooses predictions that minimize expected losses given its posterior beliefs. In
this model, which we call feasibility-based machine learning, the algorithm chooses among a

feasible set of ways to learn based on the loss function it is provided.

If a machine learning algorithm is a feasibility-based learner, then it is sufficient for the

data scientist to provide the machine learning algorithm with the desired objective (welfare-

1See Agrawal, Gans, and Goldfarb 2022 for an in-depth discussion of AI capabilities and its impact on
society and business.



aware or otherwise) as its loss function, and it will learn optimally given this objective. For
example, consider CheXNeXt, an influential deep learning convolutional neural network for
predicting thoracic diseases from chest X-ray images (Rajpurkar, Irvin, Ball, et al. 2018).
There are two factors that appear to have informed the choice of loss function in CheXNeXt.
First, cases of pneumonia are rare, and it is important to prevent the algorithm from cau-
tiously classifying cases as free of pneumonia given that this will be correct in the vast
majority of cases. The second and related issue is that false negatives, when the algorithm
fails to identify a case of pneumonia, are far more costly. The end result is that the algorithm
is trained to minimize a function that set losses for failing to correctly identify pneumonia

two orders of magnitude higher than the converse mistake.

On the surface, this seems like a reasonable procedure. If a false negative is 100 times
more costly than a false positive, then it seems reasonable that the loss function on which
the algorithm is trained should specify that. This logic is entirely analogous to the economic
model of physical production that is based on drawing a production possibility frontier.
In the economic setting, when relative prices of inputs change it is optimal to move to
a corresponding point on this frontier where relative factor productivities match relative
prices. Likewise if a change in the loss function for training an algorithm moves the machine
around a fixed technology-based frontier, the optimal loss function must be one that reflects

the relative cost of the different types of mistakes that are possible.

The problem with this logic is that it is built on a shaky premise. We show that the quality
of the information that this algorithm provides degrades when the weight on misclassifying
pneumonia cases is set too high. In fact, it is better for almost any reasonable objective
function to use weights that are closer to equal because the machine learns more and produces
information that is more useful as a result. If the optimal loss function for training has
nothing to do with the relative cost of different mistakes, how then can one work out the
right loss function to use to achieve an objective? This is especially important when we want
the loss function to achieve certain social aims, such as in welfare-aware machine learning

(Rolf et al. 2020).

We identify a path forward by translating ideas from the costly learning branch of cog-



nitive economics into our conceptualization of machine learning. Specifically, we need to
think about what stops the machine from learning more than it does. For a human learner,
economic theory suggests an obvious first-order answer. Learning stops when the balance of
costs and benefits becomes unfavorable. As a result, the costs of learning enter the picture
front and center. Following this line, we propose an alternative model of machine learning in
the rational inattention tradition. In this model, which we call cost-based machine learning,
the algorithm behaves as if it adjusts its learning in response to some additional unobserv-
able costs, which we call its pseudo-costs because they can only be recovered empirically and

may not have any relationship with any real resource inputs.?

Why might an algorithm act as if there are different costs to different ways of learning?
In practice, this happens because the programmer of the algorithm adds code that either
directly or indirectly uses the loss function to determine the extent of learning. For instance,
the amount of learning could be driven by the algorithm’s choice of a particular hyperparam-
eter, which can be influenced by the loss function through “hyperparameter optimization”
(e.g., Bergstra and Bengio 2012). In addition, an algorithm might perform more or fewer
epochs if the losses under a particular loss function have not converged sufficiently (e.g., as

implemented by the “ReduceLROnPlateau” function in Keras).

Of course, while learning may vary with the loss function, it is not immediately clear that
an algorithm can be modeled as optimally balancing losses and learning costs. Somewhat
remarkably, we find that changes in the loss function used when training ChexNeXt impact
the nature of learning just as they might if the algorithm was a rational human being who
found learning costly. In other words, the algorithm does indeed act as if it decides the
stopping rule based on a pseudo-cost function. In addition, we recover sharp bounds on the
structural cost parameters and construct “representative” pseudo-costs for the algorithm.
These bounds and representative costs suggest that by placing relatively lower weight on
pneumonia instances the algorithm acts as if it is worth incurring higher learning costs, which
is sensible given that doing so places relatively higher weight on non-pneumonia instances,

which are far more common.

2Feasibility-based learning is a special case of cost-based learning because the feasible set can be repre-
sented by a cost function that is zero for feasible ways to learn, and infinite otherwise.



Our approach could be leveraged to determine more effective loss functions for training
the model given a third party’s objective, such as the objective of a firm or policy maker
for a particular initiative or project. That is, given their objective we could determine
which loss function would result in the optimal predictions from the their perspective. For
instance, even if a third party values type II errors (missing pneumonia) 99 times more than
type I errors (incorrectly diagnosing pneumonia), it may nevertheless be better for the loss
function to value type I and type II errors equally during training. The map between an
outside party’s objective and the optimal loss function critically depends on the algorithm’s

pseudo-costs of learning.

Further, we could ask if the revealed pseudo-learning costs align with actual costs of
running the algorithm — that is, whether there is a correlation between implied costs of
the algorithm and external measures of cost: run time, energy use, or epochs implemented.
This would help firms to understand if the current programming makes the algorithm’s

pseudo-costs well-calibrated to the real costs they face.

To help in both exercises, we could specialize it to specific functional forms of revealed
algorithmic pseudo-cost. For example, using Shannon entropy as the algorithm’s pseudo-
cost would offer very sharp predictions about the predictions of the trained model under
specific loss function used in training. Sharper predictions could aid in “loss function design”
by more precisely identifying the optimal loss function given an third party’s objective.
Even specialization to general classes of revealed algorithmic pseudo-cost, such as posterior

separability, might offer substantially sharper predictions.

Our approach provides a natural join between three growing literatures: machine learn-
ing, cognitive economics, and rational inattention. Our feasibility-based machine learning
model is an application of the capacity constrained learning model characterized by Caplin,
Martin, and Marx (2023), which generalizes the fixed capacity version of rational inatten-
tion theory proposed by Sims (2003) and the noisy cognition model proposed by Woodford
(2014). Our cost-based machine learning model is an application of the general version of
rational inattention theory characterized by Caplin and Dean (2015), which itself general-

izes the specialized version using Shannon entropy characterized by Matejka and McKay



(2015) and Caplin, Dean, and Leahy (2017). Thus, our paper is connected to both a growing
literature that considers stochastic choice to be essential for studying limited attention in
human decision making (e.g., Manzini and Mariotti 2014; Cattaneo, Ma, Masatlioglu, and
Suleymanov 2020) and a growing literature that studies the theoretical properties of costly
learning (e.g., Gentzkow and Kamenica 2014; De Oliveira, Denti, Mihm, and Ozbek 2017;
Hébert and Woodford 2017; Denti 2022; Lipnowski and Ravid 2022). As with many of the
models developed in the literature on costly learning, our models build off the core objects

of information design (e.g., Kamenica and Gentzkow 2011; Bergemann and Morris 2019 ).3

Our analysis illustrates several advantages to applying cognitive economic methods and
rational inattention theory to machine learners. First, the machine’s loss function is a
known and manipulable primitive of the decision problem, whereas a human’s utility function
must be inferred and is only indirectly manipulable. In direct contrast, Pattanayak and
Krishnamurthy (2021) assume that each algorithm has an unobservable “utility” function
that dictates the priorities it assigns to correct and incorrect predictions rather than treating
the algorithm’s objective as known and subject to external control as we do. A second
advantage is that machines naturally generate state-dependent stochastic choice data (Caplin
and Martin 2015), which is particularly well-suited for analyzing such models. For human
decision making, such data is harder to come by.* Finally, machines may better approximate
and emulate the costly learning paradigm. Human decisions contain strong and possibly
immutable deviations from Bayesian updating and optimal choice, as documented by an
extensive literature in behavioral economics. For example, a human may update beliefs in a

biased manner, possibly for self-protective reasons.’

Despite these advantages, it is striking how little is known about algorithms as deci-

3Liang, Lu, and Mu (2022) draw a point of connection between information design and machine learning
to study the tradeoffs between accuracy and fairness.

4Exceptions include sports (Archsmith, Heyes, Neidell, and Sampat 2021; Bhattacharya and Howard 2021;
Almog, Gauriot, Page, and Martin 2024), quality control settings, and lab experiments (Dean and Neligh
2017; Almog and Martin 2023). When observational data falls short because of issues such as selective labels,
this requires further econometric work to address (Rambachan 2021).

SHowever, future work may uncover that machine learning algorithms can be modeled as having their
own important set of biases that lead to departures from standard models of feasibility-based and cost-based
learning.



6 We demonstrate that cognitive economic methods and rational inattention

sion makers.
theory can be applied to machine learners using standard machine learning data sets and
optimization procedures. We hope that this opens the door to better understanding these

increasingly important learners.

The rest of the paper proceeds as follows. Section 2 introduces the preliminaries of our
model and empirical application. Section 3 covers the foundation for our learning models
and looks for consistency with this foundation in our empirical application. Building on this
foundation, Section 4 covers the feasibility- and cost-based machine learning models, our

approach to cost recovery, and applies them in our empirical setting.

2 Preliminaries

2.1 Setup and Notation

There is a finite set of outcomes Y (e.g., image types, disease severity levels, etc.) that the
algorithm can learn about. There is also a set of predictions A that the algorithm can make.
For example, many classification algorithms output a numeric confidence score for each pos-
sible outcome. In turn, confidence scores can be translated into discrete outcome predictions
using a downstream classification rule, such as predicting an outcome if its confidence score

exceeds a given threshold or the confidence scores of the other possible outcomes.

In our running application, the set of possible outcomes Y = {0,1} is an indicator
for the presence of pneumonia, and the set of possible predictions A = [0, 1] is a continuous
measure of the algorithm’s “confidence” about the presence of pneumonia. In our application,
we consider numeric confidence scores instead of discrete downstream outcome predictions
because confidence scores are more closely tied to machine incentives and yield stronger tests
and sharper identification. Our framework also accommodates situations where the analyst

only has data on predicted outcomes or wishes to model the scoring algorithm jointly with

6Notable exceptions include Zhao, Ke, Wang, and Hsieh (2020), who embed behavioral forces in a neural
net structure, and Danan, Gajdos, and Tallon (2020), who apply decision-theoretic approaches to recom-
mendation systems.



a downstream classification rule.

An important input to the training of an algorithm is a loss function L : A x Y — R,
which indicates the value of a particular prediction given the outcome. It is standard practice
to use cross entropy L(a,y) = —yloga—(1—y)log(1—a) over confidence scores and outcomes
when training deep learning neural networks to predict the class to which an observation
belongs. In addition, it is also standard practice to re-weight the loss function to make losses
higher or lower for a particular outcome; such class weighting is often employed when one
outcome is less common (Thai-Nghe, Gantner, and Schmidt-Thieme 2010) or with the hope
of achieving some external objective (Zadrozny, Langford, and Abe 2003).

For a given algorithm, using loss function L in training generates a series of predictions
ai,...,ay, one for each observation in a test data set of size N.” The performance of the
trained model is assessed on how well its predictions align with actual outcomes. To perform
this assessment, the analyst has access to the actual outcomes for observations in the test
data, which is a series of outcomes v, ..., yn.5 We follow the standard practice of evaluating
how well an algorithm performs on aggregate for each outcome. Formally, aggregate level
performance for each outcome is summarized by performance data PY : A xY — [0,1],
which is the joint distribution of predictions and outcomes for the trained model in a test
data set,

PL(a,y) = ]1[ Z lo,=a & yu=y
ne{l,..,N}
Because the test data set is finite, the support of PX over A, given by supp(PY%), is also finite.
As is standard practice in the machine learning literature, we study algorithmic predictions

over a test sample that is independently drawn from the same population as the data on

which the algorithm is trained.

“Our approach could also be used to study the algorithm’s predictions in the training data set.

8Specifically, Wang et al. (2017) actual outcomes by labeling whether each chest X-ray indicates pneu-
monia or not. As is standard when evaluating algorithms, we assume this ground truth is correct, but our
approach could be extended to include uncertainty about the ground truth.



2.2 Application: Data and Algorithm

We demonstrate the potential empirical suitability of our machine learning models by re-
visiting CheXNeXt, an influential deep convolutional neural network for predicting thoracic
diseases from chest X-ray images (Rajpurkar, Irvin, Ball, et al. 2018). Our training models
are generated using the ChestX-ray14 data set, which consists of 112,120 frontal chest X-rays
which were synthetically labeled with the presence of fourteen thoracic diseases (Wang et al.
2017). The main modifications we make to the CheXNeXt training procedure are that we
isolate the task of pneumonia detection as in the earlier implementation of Rajpurkar, Irvin,
Zhu, et al. (2017), and we train the algorithm across various S-weighted cross entropy loss

functions:

LP(a,y) = —Bylog(a) — (1 — B)(1 — y)log(1 — a). (1)

Specifically, we vary the loss function by considering 8 = 0.7,0.9,0.99.° In addition, we
employ ensemble (model-averaging) methods to isolate the substantive effects of what the
machine learns from random noise inherent to the stochastic training procedure. Using nested
cross-validation methods, this yields an ensemble model prediction at each § for each of the
112,120 X-ray images in the original data. Further technical details of our training procedure
are relegated to Appendix A. We return to our application in Subsection 3.2 after introducing

our fundamental representation of machines as Bayesian expected loss minimizers.

3 Machines as Bayesian Expected Loss Minimizers

In this section we present the cognitive economic foundation of the learning models we
consider, the testable implications of this foundation, and positive evidence of this foundation

in our empirical application.

In this foundation we follow the standard perceptual model of signal processing and
choice. For both feasibility-based and cost-based machine learning, we model an algorithm

as an optimizing agent that i) starts with a prior u € A(Y') over outcomes, ii) gets signal

9For reference, the class weight used in the analysis of Rajpurkar, Irvin, Zhu, et al. (2017) is approximately
0.99 because the probability of positive pneumonia cases in the data set is 0.0127.



realizations that provide information about the outcome, iii) forms posterior beliefs v € A(Y')
via Bayesian updating, and iv) chooses predictions based on these posteriors to minimize
expected losses. As in Kamenica and Gentzkow (2011) we define Q as those distributions of

posteriors with finite support that satisfy Bayes’ rule,

9={Q e AAY))] > Q) = u}.

y€supp(Q)

Posteriors are translated into probabilistic predictions through a prediction function ¢ :
supp(Q) — A(A). For a given loss function L and distribution of posteriors @ € Q, the set

of optimal prediction functions is defined as,

L,Q) = argmin > QM) Y alaly) D () Lia,y).

~vEsupp(Q) acA yey

Note that any pair (@, ¢) produces a joint distribution of predictions and outcomes given by

Pgq : AxY —[0,1] where,

Poola,y) = Y. QMalaly)y(y).

yEsupp(Q)

With these elements in place we can define the foundation of our subsequent learning models.

Definition 1. For a given loss function L, PL has a signal-based representation (SBR)
if there exists a prior p € A(Y), a Bayes consistent distribution of posteriors QQ € Q, and a

prediction function q : supp(Q) — A(A) such that:

1. The prior is correct: p(y) = Xaesupp(PL) PL(a,y).
2. Predictions are optimal at all possible posteriors: q € G(L, Q).

3. Predictions are generated by the model: P*(a,y) = Pigq(a,y).

If P has an SBR, then it is as if the algorithm makes predictions to minimize the loss

function given the Bayesian posterior beliefs induced by its signal structure.

10



3.1 Testable Condition: Loss Calibration

Applying the theoretical results of Caplin and Martin (2015) and Bergemann and Morris
(2016), it is straightforward to show that the SBR foundation is characterized by a simple
condition, called loss calibration, which requires that switching wholesale from any prediction

a to any alternative prediction a’ would never strictly reduce losses.

Definition 2. Performance data P* is loss calibrated to loss function L if a wholesale

switch of predictions does not reduce losses according to L:

a € argmin »_ P*(a,y)L(d',y) for all a € supp(Py).
a’€A yey

Any algorithm that fails this condition makes predictions that are not suitable for the loss
function and that are thus inconsistent with an SBR and Bayesian expected loss minimiza-

tion.'0

Under weighted cross entropy loss with binary outcomes (1), it is straightforward to show
that loss calibration takes a unique closed form as a function of posterior probabilities. Let
a®(7) be the optimal prediction when the class weight is 3 and the posterior probability that

the outcome is y = 1 is given by 7.

Observation 1. Consider weighted cross entropy loss (1). For any weight 5 € (0,1) and
all posterior probabilities v € supp(Q) that the outcome is y = 1, the unique loss calibrated

confidence score is given by:

_ By
1—B—v+26y

a’(v) (2)

In the case of unweighted cross entropy loss (8 = 0.5), the loss calibrated scoring function
(2) collapses to the optimal prediction being the posterior probability itself, a®?(y) = ~.

Thus, as is well-known, unweighted cross entropy incentivizes truthful revelation of beliefs.

10Nevertheless, this is easy to rectify. Whenever this loss function is input into the algorithm, a single line
of code at the end of the computer program making a wholesale switch to predicting a whenever it would
have predicted a’ would make this algorithm loss calibrated for this loss function.

11



3.2 Application: Loss Calibration

In the deep learning algorithm we consider — which regularizes through early stopping and
aggregates over an ensemble of trained neural nets — we find that confidence scores are loss
calibrated as in (2) across various weights in weighted cross entropy loss (1). Recall that
this includes unconditional calibration for unweighted cross entropy loss (8 = 0.5), which is

a proper loss function.

Graphical evidence of calibration and loss calibration is provided in the left and right
panels of Figure 1, respectively. In each plot, the horizontal axis represents the confidence
score, and the vertical axis the corresponding pneumonia rate in the data (both on a log
scale). The shapes in the figure provide the empirical decile-binned calibration curves (De-
Groot and Fienberg 1983; Niculescu-Mizil and Caruana 2005). The solid lines represent the
situation where confidence scores are calibrated. Thus, the algorithm appears effectively cal-
ibrated for the unweighted loss function 5 = 0.5, and miscalibrated otherwise. The dashed
lines in the right plot show the theoretical relationship between scores and pneumonia rates
for the relative positive class weights f = 0.7,0.9,0.99 if an algorithm is loss calibrated
(note that the loss calibrated and calibrated lines coincide on the left when g = 0.5). As
[ increases, the algorithm is increasingly incentivized to provide a score that is higher than
the machine’s actual “belief” about the probability of pneumonia, which causes the lines to
bow out. The alignment of theoretical predictions and empirical estimates strongly suggests
that the algorithm is generally very close to being loss calibrated, and very close to being

calibrated when the loss function is unweighted.

Finally, note that our finding of calibration with an unweighted loss function is consistent
with previously documented calibration for deep learning convolutional neural networks that
use regularization (i.e., weight decay in Guo, Pleiss, Sun, and Weinberger 2017) and deep
ensembling (Lakshminarayanan, Pritzel, and Blundell 2017). With a viable SBR in hand,

we now turn to our models of what the machine learns.

12
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Figure 1: Theoretical relationship between confidence score and pneumonia rate for a loss
calibrated algorithm with calibration target (solid lines), loss calibration targets varying
class weights (dashed lines), and empirical decile-binned calibration curves (shapes) for the
pneumonia-detection algorithm presented in Subsection 2.2. All objects are displayed on a
log-10 scale to improve readability. This figure provides visual evidence that the algorithm
is calibrated for 5 = 0.5 (left panel) and loss calibrated generally (left and right panels).
This ensures an SBR representation and simplifies computation of the objects introduced in
Section 4.
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4 Models of Machine Learning

SBR leaves open the question of how a machine learning algorithm arrives at its signal
structure — that is, what the machine decides to learn based on the incentives provided by
the loss function. We now propose and characterize two nested alternatives: choosing among

a set of feasible signal structures or choosing among signal structures of different costs.

4.1 Feasibility-Based Machine Learning

Our first model assumes the algorithm chooses among a set of feasible signal structures to

best match the incentives provided by the loss function.

To translate this into the SBR framework of Section 3, we define a feasible set of ex-
periments Q* C Q. This feasible set depends only on the algorithm’s capability and is not
specific to the loss function provided. We define the algorithm’s strategy space A to include
both @ and ¢:

A={(Q,q)|Q € Q,q:supp(Q) — A(A)}.

For a given loss function L and feasible set Q*, the set of optimal strategies /~\(L, Q) is,

ML,QY) = argmin Y QY)Y glaly) Y v(y)Lla,y).

(Q,q)EA,QGQ* rszupp(Q) (ZGA er

With this we can define all performance data sets that are consistent with optimality for a

given feasible set Q* as,
P(L, Q") = {Pigol(@Q.4) € AL, Q")}.

Feasibility-based machine learning requires that there exist a feasible set Q* such that the

performance data produced by an algorithm are optimal given that feasible set for all L € L.

Definition 3. An algorithm is consistent with feasibility-based machine learning if

14



there exists a feasible set Q* C Q such that PX € P(L, Q*) for all L € L.

4.2 Cost-Based Machine Learning

Our second model assumes the algorithm chooses among signal structures of different costs.
Once again, these are not the monetary costs incurred in running the algorithm, but rather
reflect the intrinsic difficulty the algorithm has in learning the true outcome given its training
procedures and the available training data. One way to interpret these costs is as the resource

costs of different mathematical operations.

To formalize this, we define a learning cost function K : @ — R and denote the set of all
possible learning cost functions as L. An algorithm’s learning cost function depends only on
its capabilities and is not specific to the loss function provided. Given loss function L € L

and learning cost function K € IC, the resource-adjusted loss L of strategy (@, q) is,

L(@qIL K) = > QM) Y alaly) Y- 4(y)Llay) + K(Q).

~veEsupp(Q) acA yey

The corresponding set of optimal strategies A(L, K) is then defined as,

A(L,K) = argmin ﬁ((Q,q)]L,K).
(@q)en

This optimization problem formalizes the way in which the algorithm trades off losses with
learning costs. Given any L € L the set of all performance data sets that are consistent with

optimality for a given learning cost function K € IC are,
P(L, K) = {Pgql(@.q) € ML, K)}.

Definition 4. An algorithm is consistent with cost-based machine learning if there

exists a learning cost function K € K such that P € IS(L, K) forall L € L.

The second learning model generalizes the first model because a feasible set of posterior

distributions Q* is equivalently specified as an indicator learning cost function K™, for which

15



the cost is zero for every feasible posterior distribution ) € Q* and infinite otherwise.

4.3 Testing the Models

In order to simplify the characterizations of these models, we restrict consideration to per-
formance data sets with an SBR representation (or its empirically verifiable counterpart, loss
calibration). Because indexing is useful in what follows, we take as given a finite set of M
loss functions, indexed by 1 < m < M. For notational simplicity, we denote the performance

data set from training the algorithm with the m-th loss function as P™ = PX™.

Our characterization of feasibility-based learning is taken directly from Caplin, Martin,
and Marx (2023), who characterize capacity constrained learning for human decision makers.
In the context of machine learning, the key idea is to ensure that losses cannot be lowered by
counterfactually switching to the predictions from training with a different loss function. All
such comparisons are visible in the value of learning (VolL) matriz G with generic element
G™" in row m and column n that specifies the minimized expected losses when the loss

function is L™ and the performance data is P™:

G"= Y min > L™d,y)P"(a,y).

a€supp(P}) @ yey

The operation on the right hand side of the equation takes any prediction a € supp(Py%),
picks some alternative prediction @’ € A to replace it wholesale, computes the corresponding

expected losses for L™, and then minimizes.

A feasibility-based machine learning representation requires that no such switch of per-
formance data can lower losses. To formalize we define the M x M direct value difference
matriz Dy by,

D" =Gm™ - G™mm. (3)

An algorithm with an SBR is strongly loss adapted if for all 1 < m,n < M,

Dg™ > 0, or equivalently G™" > G™™.

16



The results in Caplin, Martin, and Marx (2023) can be used to show that, together with
loss calibration, an algorithm being strongly loss adapted is necessary and sufficient for
feasibility-based machine learning. To apply their results one maps utility maximization to

loss minimization and action sets to loss functions.

The corresponding characterization of cost-based learning is based on paths of switches.

Define H(m,n) as all sequences of indices h = (h(1),h(2),...,h(J(h) + 1)) of edge length
J(h) with h(1) = m and h(J(h) + 1) = n in which the first J(h) entries are distinct. The
indirect value difference matriz D computes minimizing summed loss differences on such
paths
J(h)
DM = min Z Dg(j)h(j+l). (4)
{ReH(mm)} =

Formally, an algorithm with an SBR is loss adapted if for all 1 < m < M,
D™ > 0.

This condition requires that no cycle of switches could lower losses. Applying the results in
Caplin and Dean (2015), an algorithm with an SBR has a cost-based explanation if and only
if it is loss adapted.

Caplin, Martin, and Marx (2023) show that if an algorithm is loss adapted, then the
value difference matrix can be computed in polynomial time by applying the Floyd-Warshall
algorithm (Floyd 1962, Warshall 1962) to the complete weighted directed graph with weight
Dy on the directed edge from node 1 < m < M to node 1 <n < M. Loss adaptedness is
easily verified by the Floyd-Warshall procedure: an algorithm is loss adapted if and only if

the candidate matrix thus computed has a zero diagonal.

4.4 Recovering Costs of Learning

Building on Caplin and Dean (2015), Caplin, Martin, and Marx (2023) show how to identify
all qualifying costs {K™}M_, that rationalize the observed performance data according to

cost-based learning. This is when costs are minimized by choosing performance data set P™
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at cost K™ when the loss function is L™
Dy™ + K™ < Di"™ + K", (5)

for all 1 < m,n < M. For present purposes, a key observation is that, normalizing to
KM =0, qualifying learning costs { K™}*_, define a convex polyhedron in RM~! with the
sign-inverted M-th row (—DM' ... —DMM=D) and M-th column (D' ... DM-1)M)
providing a subset of the extreme points. Furthermore, the average cost K across normal-
izations is potentially appealing as a representative learning cost because it is “central,”

qualifying, and easy to compute.!!

4.5 Application

The main products of our empirical application are estimates of the VoL matrix G and
indirect value difference matrix D introduced in the previous Subsection 4.3. To facilitate
their computation, we rely on the strong evidence for an SBR representation provided in
Subsection 3.2. This strong evidence of loss calibration allows us to compute losses in the
G matrix, as given below, by analytically recalibrating confidence scores inverting (2) to

recover optimal confidence scores across weights.!?

poT  po9  p0.99
3.750 3.752 3.762\ L%
3.349 3.352 3.362 | L9
1.365 1.366 1.370) L%%

G =0.01

UDenti (2022) provides a linear program that recovers the minimum learning cost function in which
not learning is free. For human decision-makers, it is natural to assume that inattention is free, but this
assumption is less natural for algorithms. Also, the minimal monotone learning cost might be quite different
from the rest of the qualifying learning costs, and so might not be very representative.

12In turn, this analytical mapping circumvents the need to bin data to recover posterior beliefs, avoiding
the finite sample issues associated therewith.
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Recall that a necessary and sufficient condition for feasibility-based machine learning is

that the algorithm is strongly loss adapted:

Ho: DI"=G™ —-G™ >0 forall l<m,n< M.

In order to statistically test this multivariate one-sided hypothesis, we first estimate a 9 x 9
covariance matrix for the VoL matrix G via 10,000 bootstrap samples from the data set of
ensemble predictions. We then compute p-values for the constituent univariate one-sided
Wald tests and apply a Bonferroni correction. Even using this conservative approach to
bounding the family-wise error rate, we reject the null hypothesis at standard levels of
significance with p = 0.0014. Further inspection of G reveals a systematic reason for why we
reject the null hypothesis: loss functions have a common preference for the performance data
from training with lower S. Thus, while the predictions for the loss function with weight
£ = 0.7 are consistent with the algorithm being strongly loss adapted, the predictions for
the loss functions with weight 8 = 0.9,0.99 are not.

Our second question is whether the algorithm is loss adapted, and thereby consistent

with cost-based learning:

Ho: D™ >0 foralll <m< M.

The estimated D matrix, given below, satisfies this null hypothesis.

po.7 poo  po.99
0 2.548 12467\ L7
—2.529 0 9.938 | L%
—6.993 —4.463 0 L0-99

D =0.1°

We therefore fail to reject that the algorithm is consistent with cost-based learning at any
level of significance.'® Intuitively, a necessary condition for this is that, even though all loss

functions are minimized by switching to lower-/3 performance data, the gains from switching

BPointwise consistency with loss adaptedness is satisfied in 53% of our bootstrap samples.
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Figure 2: Recovery of cost polyhedron (red) when K%% is normalized to zero, with two
extreme points (triangles) and the representative cost (square) marked. The relationship
between K7 and K% is nearly point identified by the data. Furthermore, any rationalizing
cost function has the feature that K%% < K9 < K97, For legibility, the axis values are
re-scaled by a factor of 10°.

are lower for higher-3 loss functions.

Because the algorithm in our application is consistent with cost-based learning as in
Section 4, we can also recover all qualifying costs. Normalizing K% = 0, the cost polyhedron
for remaining costs K°7 and K°? is illustrated in Figure 2. The figure also plots the pair of
extreme costs identified by D (triangles) and the representative cost (square). Given that
the value of performance data is decreasing in the 3 of the weighted loss function, the costs

of learning must also be decreasing in 8 in order to rationalize the observed choices.

Finally, we conclude with a brief observation on the power of our test for cost-based
learning: any reordering of chosen information structures would have resulted in a pointwise
rejection of loss adaptedness. Thus, we failed to reject the null hypothesis in spite of —

rather than in the absence of — a powerful test.
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A Application: Technical Details

Here we summarize the technical details of Section 2.2. Our model training procedure
essentially follows that of the CheXNeXt algorithm (Rajpurkar, Irvin, Ball, et al. 2018),
in which a deep neural network was trained using the ChestX-rayl14 data set of Wang et
al. (2017). The ChestX-rayl4 data set consists of 112,120 frontal chest X-rays that were
synthetically labeled with up to fourteen thoracic diseases. Our code for model training is
adapted from the publicly available CheXNeXt codebase of Rajpurkar, Irvin, Ball, et al.
(2018). However, we follow the earlier CheXNet implementation of Rajpurkar, Irvin, Zhu,
et al. (2017) in three ways. First, we restrict to the binary classification task of pneumonia
detection, where the labels of interest are pneumonia (y = 1) or not (y = 0). In addition, we
trade off a higher batch rate of 16 at the expense of a slightly smaller imaging scaling size of
224 by 224 pixels (instead of a batch size of 8 and an image rescaling of 512 by 512 pixels,
respectively). Asin Rajpurkar, Irvin, Ball, et al. (2018), we adopt random horizontal flipping,
and normalize based on the mean and standard deviation of images in the ImageNet data set
(Deng et al. 2009). For each model, we train a 121-layer dense convolutional neural network
(DenseNet, Huang, Liu, Weinberger, and Maaten 2016) with network weights initialized to
those pretrained on ImageNet, using Adam with standard parameters 0.9 and 0.999 (Kingma
and Ba 2014), and using batch normalization (Ioffe and Szegedy 2015). We use an initial
learning rate of 0.0001 that is decayed by a factor of 10 each time the validation loss plateaus
after an epoch, and we conduct early stopping based on validation loss. Each model was
trained using either an Nvidia Tesla V100 16GB GPU or an Nvidia Tesla A100 40GB GPU

on university high performance computing clusters.

Given the inferential nature of our exercise, we deviate substantively from this prior
art in two ways. First, we induce variation in the cross entropy loss function (1) across
multiple positive class weights 51 = 0.7,0.9,0.99, with 0.99 approximately equal to the
inverse probability class weights for pneumonia detection adopted in Rajpurkar, Irvin, Zhu,
et al. (2017). In addition to varying class weights, the main difference in our implementation
and the implementation of Rajpurkar, Irvin, Zhu, et al. (2017) are our data splits and

our recourse to additional ensemble methods to account for randomness in the training
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procedure. This use of ensemble methods also likely explains why our confidence scores are
loss calibrated, despite recent evidence that deep neural networks and cross entropy loss may
inherently produce poor calibration because of overconfidence (Bai, Mei, Wang, and Xiong
2021, Liu et al. 2022). Specifically, we adopt a nested cross-validation approach where we
randomly split the data set into ten approximately equal folds and then iterate through 70-
20-10 train-validation-test splits (the split distribution also used in Wang et al. 2017 and a
secondary application of Rajpurkar, Irvin, Zhu, et al. 2017). We train a total of 480 models,
yielding an ensemble of 96 trained models for each observation in the data set where that
observation was in a test fold. The final score for each observation in the data set is then
obtained by averaging confidence scores across the observation’s ensemble. This procedure

is repeated on the same set of data splits for each class weight 5 = 0.7,0.9,0.99 we consider.
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